Numbers
Counting Numbers
The earliest type of number was a counting number - 1, 2, 3 etc. using modern notation.
Counting numbers can be used in two ways. They can be used to indicate the first, second,
third, fourth etc. These are called ordinal numbers. Note that there is no sense of zeroth,
except in mathematics, computing and thermodynamics (which has a zeroth law).
Counting numbers can also be used to represent the total number of something - as in 4
sheep. Here zero sheep does make sense. These are called cardinal numbers. Note that if
counting sheep - first sheep, second, third, fourth sheep, the cardinal total number of sheep
(four) is the same as the last ordinal. Objects are called countably if they can be put into an
order – for example a group of children. It does not mean that there is a finite number. By
definition the counting numbers are countable, but they are also infinite in number. It has
been argued that neither zero nor one should be included in counting numbers, because
multiple items are required in order to count. Euclid defined one as a unit and numbers as a
multitude consisting of units.
Ordinal numbers imply there is an order or sequence - cardinal numbers make no such
implication (such as 4 sheep in a field).
The simplest method of recording counting numbers is as marks, one per item. Thus four
sheep could be represented by |||| (this is called base-1 notation) and makes addition,
subtraction, multiplication and even division relatively simple provided the numbers are
small.
Many civilisations used this form of representation, making marks on wet clay, grooves in
stone, bone or wood etc. An obvious limitation is that even for relatively small numbers it can
be difficult to quickly identify the value. The Egyptians solved this by using two rows for
values greater than four. They also together with many others had another symbol to
represent ten (base-10 notation), and again as many of these symbols could be used as
required. This can be repeated for 100, 1000 etc. The Babylonians, early Greeks and Romans
introduced new symbols for 5, 10, 50, 100, 500 etc, but the Romans also introduced the rule
that a small number before a larger one represented subtraction, thus eliminating the need for
a run of more than three of the same symbol. For example instead of IIII the Romans could
write IV meaning 5 - 1. The later Greeks used a different symbol for each value - in fact used
the letters of the alphabet which makes arithmetic very difficult, but the Greeks were more
interested in geometry than arithmetic (their geometry did not include lengths).

Number Theory
Number Theory defines different types of natural numbers, and their properties.
For example a very simple classification is into odd and even numbers depending on whether
2 is a factor (whether division by 2 leaves no remainder). The properties include that adding
two odd or two even numbers always results in an even number while adding an odd and an
even number always produces an odd number (this rule does not apply to zero which is
neither zero odd or even, and so may not be considered an integer).
Prime numbers are numbers that have no factors other than 1 and themselves (the number 1 is
normally excluded). All other numbers are composite. 2 is the only even prime number. All
other prime numbers are odd, and obviously cannot end with a 5 except for the number 5, and
zero. The first few primes are 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31. There does seem to be a
pattern to these - in many cases there is a difference of 2 between two prime numbers (these
are called prime pairs). However extending the sequence soon shows that there is no pattern
and there is no method of predicting what the next prime will be except to take the next odd
number and trying to divide the known primes into it. It is easy to show that there are an
infinite number of primes. If it is assumed that there are a finite number, say three primes 𝑎,
𝑏, and 𝑐, then because 𝑎 × 𝑏 × 𝑐 + 1 is not divisible by a, b or c, it is either a prime or if
not, there must be another prime. Hence there are four primes, and the argument can be
repeated an infinite number of times. This proof was described by Euclid in about 300 BC.
It can be shown that every composite number can be produced by multiplying one and only
one unique combination of primes together. This is known as the Fundamental Theory of
Arithmetic.
Two theories involving primes which cannot be proved but to which no exceptions have been
found are:
All even numbers greater than 2 can be expressed as the sum of two primes - Goldbach's
conjecture
All odd numbers greater than 7 can be expressed as the sum of three non-even primes (i.e.
excluding 2) - Goldbach's weak conjecture.
Squares or square numbers are those which represent a number of objects arranged in a
square - 1, 4, 9, 16 etc. The number of objects forming the side of the square is called the
root, 1, 2, 3 and 4 in the above examples. The squares can be written as 12, 22, 32 and 42. Thus
𝑎2 is interpreted as 𝑎 × 𝑎, the 2 being called the exponent or power. An odd square such as 9
implies an odd root, and an even square implies an even root. All square numbers can be
created by adding the series of consecutive odd numbers 1+3+5+7+9+⋯
The Pythagorean triples are a very old concept - they are three numbers which form the sides
of a right angled triangle, the best known being (3, 4, 5). If these are represented by (𝑎, 𝑏, 𝑐)
all Pythagorean triples have the property that 𝑐 2 = 𝑎2 + 𝑏2 , for example (5, 12, 13).
Powers or exponents extend beyond 2 - 𝑎3 is called the cube. The inverse of a power is called
a root as in 2 being the square root of 4, and 3 being the cube root of 27. The root can also be
3
written as √square as in 2 = √4 or 3 = √27. The √ sign is called a radix and the horizontal
bar extends over all that it applies to.

If powers of the same number are multiplied the exponents are added and if divided are
subtracted 22 × 23 = 25 and 23 ÷ 22 = 21 = 2, and in general 𝑎1 = 𝑎 for all values of 𝑎.
This also means that 𝑎𝑛 ÷ 𝑎𝑛 = 1, again for all 𝑎. This causes a problem if 𝑎 = 0 because
0 × 0 = 0 and so 0𝑛 = 0, and so 0𝑛 ÷ 0𝑛 = 0 ÷ 0, but division by zero is undefined.
However it is generally agreed that 00 = 1 and 0𝑛 = 0 for all 𝑛 except 𝑛 = 0, normally
written as 𝑛 ≠ 0.
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The power itself can be expressed as a power - thus 22 = 24 = 16. Fermat numbers are
𝑛
0
those with the value Fn = 22 + 1 where n is an integer. F0 is 22 + 1 = 21 + 1 = 3. The first
five Fermat numbers are all prime numbers - 3, 5, 17, 257 and 65537. It is believed, although
it has not been proved, that all subsequent Fermat numbers are non-prime (composite).
Triangular numbers are those which represent objects which can be arranged in an equilateral
triangle - 1, 3, 6, 10 etc. All triangular numbers can be created by adding the series of
consecutive numbers 1+2+3+4+⋯. All square numbers are the sum of two consecutive
triangular numbers - 25 is 10+15. Adding any two triangular numbers gives a rectangular
number - 2, 6, 12, 20 etc (2+4+6+8+⋯).
Square-free integers are those which are not divisible by a square – the first few are 1, 2, 3, 5,
6, 7, 10, 11, 13, etc., i.e. not 4, 8, 9, 12, 16, 18, 20 etc.
The sigma function is the sum of all the factors of a number including 1 and the number itself
i.e. σ(28) = 56 since 1×28 = 2×14 = 4×7. If the sum of all the factors except for the number
itself, i.e. 0.5σ(p), is less than the value of the number, the number is said to be deficient, and
if it exceeds the number it is said to be abundant. Thus if the sum equals the number, the
number is said to be perfect. While there are many small abundant numbers, all those less
than 945 are even. Also every integer greater than 20161 can be written as the sum of two
abundant numbers. Perfect numbers are very rare - the first four are 6, 28, 496 and 8128 from
which it may be deduced that they always end in 6 or 8 which is correct, and that the number
of digits increases by one each time which is incorrect.
The above examples include series of numbers. A formula can be derived in each case to give
the next value in the series. An example is the Fibonacci Series. This starts with the numbers
0 and 1, and then each term is the sum of the previous two terms. The first few values are 0,
1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89 etc. Starting with 5 every other Fibonacci number is the
largest in a Pythagorean triple (for example 34 and 89). No two consecutive Fibonacci
numbers have a common factor - they are said to be relatively prime or coprime.
A infinite number of series can be formed starting with any countingl number, and creating a
new number by dividing by 2 if it is even, or multiplying it by 3 and adding 1 if odd, and
repeating this process until 1 is reached after which it loops through 4, 2 and back to 1.
Although it cannot be proved, this is the only loop which occurs, and it always occurs
eventually.
Some apparently simple observations are either extremely difficult or impossible to prove. A
well-known example is that there are no counting numbers that satisfy 𝑎𝑛 + 𝑏𝑛 = 𝑐 𝑛 for
values of 𝑛 other than 2 (the Pythagorean triples). This is known as Fermat’s Last Theorem
since Fermat first stated it in1637 and then claimed to have a proof, but the first published
proof (130 pages of it) was in 1995.

Integers
Counting numbers are also known as integers.
Peano in 1889 stated nine axioms or truths regarding counting numbers. The most important
is the sixth which defines the Successor Function which states that each number has a
successor, i.e. S(3) = 4, important because given the value 1 all the other counting numbers
can be defined so S(S(S(1)))=4. The Successor Function can be described as the current value
plus 1. This 'new' value is obviously larger than all the lower values, and this allows values to
be compared. Addition can be described as the repeated application of the Succcessor
Function - thus adding 3 to 4 is S(S(S(4))). Multiplication is repeated addition.
The inverse of the Successor Function S-1 decrements by 1 and allows subtraction and
division to be defined.
If it is applied to 1 the result is zero, and if applied to 0 the result is -1, then -2 etc. This
defines all the negative numbers. Integers consist of both negative and positive numbers.
Division differs from the other functions in that it produces two results - the quotient and the
remainder. If the remainder is zero, the divisor is a factor of the dividend (dividend/divisor =
quotient remainder). Factors are very important in number theory. Prime numbers have only
1 and themselves as factors. All other integers are said to be composite.
A common problem concerns the greatest common factor (gcf) of two numbers, i.e. the
largest integer that will divide into two other integers with no remainder. The greatest
common factor of two numbers also divides their difference, i.e. (𝑎 − 𝑏)/gcf(𝑎, 𝑏) is an
integer. Assuming 𝑎 and 𝑏 are positive with 𝑎 greater than 𝑏, the greatest common factor can
be found be repeated applying the formula gcf(𝑎, 𝑏) = gcf(𝑎 − 𝑏, 𝑏). Taking 54 and 34 as an
example, this gives the sequence (54, 34), (20, 34) reversed to (34, 20), (14, 20) reversed to
(20,14), (6,14) reversed to (14, 6), (8, 6), (2, 6) reversed to (6, 2), (4, 2), (2,2). A result of
(1,1) means they are coprime or relatively prime – this occurs if 𝑎 and 𝑏 are both Fibonacci
numbers. This is known as Euclid’s algorithm, but can be improved by replacing the repeated
subtractions with division, and noting the remainders so gcf(𝑎, 𝑏) = gcf(𝑎 mod 𝑏, 𝑏) where
the mod function is the remainder. In the above example gcf(54, 34) 54/34=1r20,
(34,20) 34/20=1r14, (20,14) 20/14=1r6, and (14,6) 14/6=2r2. The process ends when the
quotient and remainder are equal.
The least common multiple (lcm) is the smallest number that can be divided by two given
numbers, for example lcm(4,6) = 12. The gcf and lcm are related by
lcm(𝑎, 𝑏) × gcd(𝑎, 𝑏) = 𝑎 × 𝑏. For example lcm(4,6) × gcd(4,6) = 4 × 6 = 24.

Natural Numbers
In mathematics all the counting numbers are called natural numbers and all of them are
represented by the set ℕ which unfortunately may or may not include zero depending on the
author. A common convention is to affix an asterisk superscript as in ℕ∗ to indicate that zero
is not included. The notation 𝑎 ∈ ℕ is used to indicate that 𝑎 is a natural number rather than
any other type of number (∈ means ‘is a member or element of’).
A set is defined as a collection of objects which have something in common. A notation for a
set is {list of objects}. A set may contain one or more sets provided their contents are similar
to those in the larger set. An important rule is that there is no duplication or order within a
set. An object can only appear once and the order does not matter so the two sets {0,1,2,2,3}
and {3,1,0,2} are identical and are so said to be equal. {} is the symbol for the empty set and
may be written as ∅.
The successor function is written as S(𝑛) ≡ 𝑛 ∪ {𝑛} where ∪ means union, the sets on either
side being added together to form a larger set, and where the ≡ sign means equivalence or the
notation on either side are different ways of writing the same thing.
Starting with 0 ≡ {} ≡ ∅, then
1 ≡ S(0) ≡ 0 ∪ {} ≡ {∅}
2 ≡ S(1) ≡ 1 ∪ {∅} ≡ {{∅}, ∅}
3 ≡ S(2) ≡ 2 ∪ {1 ∪ {∅}} ≡ {{{∅}, {∅}}, {{∅}, ∅}} and so on.
Such a set is called an ordinal set because every member of the set is a set, and the members
have a strict order (unlike a normal set).
There is an infinite number of natural numbers, but at the same time they are countable. If 1
is the first natural number, the 10 is the tenth, 100 is the hundredth and so on.
Addition and multiplication of two natural numbers results in another natural number. This is
called closure. Subtraction only results in a natural number if the first number is larger than
the second so there is no closure over subtraction. This limitation is overcome in the integer
numbers. Division only results in a natural number if the divisor is a factor of the dividend
and so there is there is no closure over division.

The Peano axioms (statements which are self-evidently true) are a set of rules for the
manipulation of natural numbers.
Either 0 or 1 is the smallest natural number (depending on whether ℕ or ℕ∗ is the set).
For every natural number 𝑎 ∈ ℕ 𝑎 = 𝑎.
For all 𝑎 ∈ ℕ if 𝑎 = 𝑏 then 𝑏 ∈ ℕ.
For all 𝑎, 𝑏 ∈ ℕ if 𝑎 = 𝑏 then 𝑏 = 𝑎.
For all 𝑎, 𝑏, 𝑐 ∈ ℕ if 𝑎 = 𝑏 and 𝑏 = 𝑐 then 𝑎 = 𝑐.
For all 𝑎 ∈ ℕ if S(𝑎) = 𝑏 then 𝑏 ∈ ℕ where S(a) = a + 1
For all 𝑎, 𝑏 ∈ ℕ 𝑎 = 𝑏 if and only if (often written iff or ⇔) S(𝑎) = S(𝑏)
For all 𝑎, 𝑏 ∈ ℕ 𝑎 ≤ 𝑏 iff there is a 𝑐 ∈ ℕ such that 𝑎 + 𝑐 = 𝑏 often written
∀𝑎, 𝑏 ∈ ℕ 𝑎 ≤ 𝑏 ⟺ ∃ 𝑐 ∈ ℕ, 𝑎 + 𝑐 = 𝑏 where ∀ means all, and ∃ there exists at
least one.
Additionally the operations of addition and multiplication are defined:
For all 𝑎 ∈ ℕ

𝑎+0=𝑎

𝑎 × 0 = 0, 𝑎 × 1 = 𝑎

For all 𝑎, 𝑏 ∈ ℕ 𝑎 + 𝑆(𝑏) = 𝑆(𝑎 + 𝑏)

𝑎 × 𝑆(𝑏) = 𝑎 + 𝑆(𝑎 × 𝑏)

A bracket enclosing an operation such as (𝑎 + 𝑏) means that is performed before other
operations and if there are multiple brackets the process starts with the innermost. Otherwise
there is a standard order to operations:
First powers and roots
Second multiplication and division
Lastly addition and subtraction
Any variation from this is indicated by either a horizontal line above or below or by enclosure
in brackets.
The following rules apply to addition and multiplication.
(𝑎 + 𝑏) + 𝑐 = 𝑎 + (𝑏 + 𝑐)

(𝑎 × 𝑏) × 𝑐 = 𝑎 × (𝑏 × 𝑐) associativity

𝑎+𝑏 =𝑏+𝑎

𝑎×𝑏 = 𝑏×𝑎

𝑎 × (𝑏 + 𝑐) = (𝑎 × 𝑏) + (𝑎 × 𝑐)

commutativity
distributivity

Ring of Integer Numbers
Integer numbers include the natural numbers, zero and the negative equivalents of the natural
numbers. They are represented by the set ℤ or the set ℤ∗ if zero is excluded (division by zero
is an invalid operation).
The integers are also infinite but countable. They include all the axioms of natural numbers,
but the inverse successor function 𝑆 −1 (𝑎) = 𝑎 − 1 is also valid.
∀𝑎 ∈ ℤ S −1 (𝑎) = 𝑏 ⇒ 𝑏 ∈ ℤ ; S −1 (a) = a − 1 where ⇒ means the left statement implies
the right statement.
The integers are very important because they form not only a set, but also a group and a ring.
A set is a collection of objects that have something in common, in this case numbers without
a fractional part.
A group is a set where any two elements of the set can be combined in an operation that
always results in a member of that set. This is called closure of that operation over the set.
A ring is similar but there are two operations instead of only one.
In both cases the Peano axioms apply.
The two operations for integers are addition and multiplication. Subtraction is included with
addition, but division is excluded since 2 divided by 3 is not an integer, but there is an inverse
of multiplication.
𝑎+𝑏 =𝑐

𝑎×𝑏 = 𝑐

𝑎, 𝑏, 𝑐 ∈ ℤ

Subtraction is obtained by 𝑎 + (−𝑎) = 0, integer division by 𝑎 × 𝑎−1 = 1
Integer numbers are just an extension of natural numbers towards minus infinity.

Modular Integers
Modular arithmetic restricts the range of the integers (normally positive) to a finite number,
and defines a maximum value 𝑛 which is known as the modulus at which it wraps round to 0.
The largest value is 𝑛-1. For example if the modulus has the value 5 the repeated application
of successor function S(a) gives the series 0, 1, 2, 3, 4, 0, 1, 2, 3, 4, 0 etc. There are two
notations in use. One adds (mod 𝑛) after the statement, and less commonly the modulus is
added as a subscript after the operation, equivalence or congruence symbol (≡𝑛 ). The
arithmetic is called modulo 𝑛 (the mod function is short for modulo).
3 + 4 ≡ 2 (mod 5) or 3 + 4 ≡5 2 or 3+5 4 ≡ 2 The equivalence symbol is used because the
left hand side and the right hand side are equivalent, and it makes it clear that it is not normal
integer arithmetic. 3 − 4 ≡ 4 (mod 5) i.e. the numbers also wrap round at zero. Since
4 + 6 ≡10 0 then 6 ≡10 0 − 4 or 6 ≡10 − 4 and so there is an equivalence between the
positive and negative modular integers. In particular −1 ≡𝑛 𝑛 − 1 and 1 − 𝑛 ≡𝑛 1.
The mod function calculates the remainder after division so 7 mod 5 = 2 and
12 ≡ 2 (mod 5) means that 7 (mod 5) = 12(mod 5). The remainder 2 is the same in both
cases when the number (7 or 12) is divided by 5. This is a useful check when performing
modular arithmetic.
If 𝑎 = 𝑝𝑛 + 𝑟 and 𝑏 = 𝑞𝑛 + 𝑟 then 𝑎 − 𝑏 = (𝑝𝑛 + 𝑟) − (𝑞𝑛 + 𝑟) = (𝑝 − 𝑞)𝑟 so the
difference is a multiple of 𝑟 and 𝑎 ≡ 𝑏 (mod 𝑛), and 𝑎 ÷ 𝑛 and 𝑏 ÷ 𝑛 have the same
remainder 𝑟. This concept extends beyond modular integers. 2 ≡5 7 ≡5 12 ≡5 17 ≡5 − 3
since all the values differ by 5.

addition, subtraction and multiplication are similar to integer arithmetic noting that the
modular integers wrap round at zero and the modulus.
However given that 24 ≡ 14 (mod 10) it is not true that 12 ≡ 7 (mod 10), but it is true that
12 ≡ 7 (mod 5). Also since 2 ≡ 7 ≡ 12 ≡ 17(mod 5), 2 ÷ 3 ≡5 4 for 2 ≡5 12 , but is
undefined for 2 ≡5 7.
Division is replaced by a multiplicative inverse 𝑎−1 defined by 𝑎 × 𝑎−1 = 1 (mod 𝑛) if it
exists which is the case only if 𝑎 and 𝑛 are coprime and 𝑎 ≠ 0. It follows that if 𝑛 is a prime
number all values of 𝑎 except 0 have an inverse, but if 𝑛 is even, the even numbers will not.
Since 5 is a prime number all 𝑎 ≠ 0 have an inverse in modulo 5.
Since 1 × 1 = 1, 2 × 3 = 1, 4 × 4 = 1 then 1−1 ≡5 1, 2−1 ≡5 3, 3−1 ≡5 2, 4−1 ≡5 4, and
𝑛 ÷3 3 is replaced by 𝑛 ×3 2 .
Fermat’s little theorem states that provided 𝑛 is prime 𝑎𝑛−1 ≡𝑛 1.
Modulo 2 is an important example of modular arithmetic. There are only two values, 0 and 1.
So 0 + 0 ≡2 0, 0 + 1 ≡2 1, 1 + 0 ≡2 1, 1 + 1 ≡2 0 which is the equivalent of the logical
exclusive or (XOR) while 0 × 0 ≡2 0, 0 × 1 ≡2 0, 1 × 0 ≡2 0, 1 × 1 ≡2 1 which is the
equivalent of the logical AND, and 0 + 1 ≡2 1, 1 + 1 ≡2 0 so 𝑎+2 1 is the equivalent of a
logical NOT . Thus NAND, NOR, OR operations have an equivalent in modular 2 arithmetic.
The modular numbers are also form a ring and is given the symbol ℤ/𝑛ℤ or sometimes just
ℤ𝑛 which can be ambiguous.

Remainders and Fractions
The three arithmetic operations of addition, subtraction and multiplication only give one
result, and if applied to integers the result is an integer. Division differs in that it either gives
two results (quotient remainder) or one result which may include a fraction. For example 7/3
results in either 2r1 or 2 1/3. The latter is obtained by (7 − 2 × 3)/3 or
(dividend - quotient × divisor)/divisor. The 1/3 is a fraction. It has a physical meaning when a
unit can be subdivided. A third of a person has no physical meaning, but dividing 7 loaves of
bread equally between three people giving each 2 1/3 loaves does. This was discovered by the
Egyptians and Babylonians before 2000 BC. However they had very different interpretations
of fractions.
The Egyptians used unit fractions which means the numerator is always one and hence does
not need to be specified. All that is required is to indicate the value is a fraction. For example
1
/3 can be expressed as 3̇. Today we call unit fractions integer reciprocals, e.g. 1/3. The
Egyptians would represent 7/8 as 2̇ + 4̇ + 8̇ using the above notation. Two-thirds causes a
minor problem as the convention is that the fractions become smaller to the right. 2/3 can be
written as (1/3)+( 1/3) i.e. 3̇ + 3̇ which defies the convention or as 3̈. Unit fractions continued
to be used in Europe until about 1600 AD.
The Babylonians used a form of place-value system similar to our decimal notation, but it
was sexadecimal (base 60) instead of base 10. This allowed them to use the equivalent of our
decimal fractions, but with two complications - they had no symbols for zero and the
(sexa)decimal point. However this representation of fractions was lost, and our modern
decimal notation developed separately.
Our so-called Arabic Numerals can be traced back to the Brahmi numerals of about 200 BC.
This Indian system had distinct symbols for the digits 1-9, 6 and 7 being recognisable. The
Bakhshali Manuscript of about 600 AD had different symbols, 2, 3 and 4 being recognisable,
but also used a decimal place system and used a dot to represent zero. Fractions were written
as one number above another as we do today – these are called vulgar fractions. This spread
via Persia into the Arabic empire, and hence into Europe in the Codex Vigilanus of 976 AD,
although so-called Arabic numerals did not really start until the Liber Abaci by Leonardo of
Pisa (Fibonacci) was published in 1202, and were not common until the middle of the
fifteenth century.
Proper fractions are those where the numerator (top value) is less than the denominator
(bottom value), all others being improper fractions (which can be expressed as an integer and
a proper fraction).
Decimal fractions were introduced by Viete in the 1560s, initially underlining the decimal
part, then using a vertical line where today we would put the decimal point which was
invented by Bartholomaeus Pitiscus in 1612.

Some fractions cannot be expressed exactly as a decimal, for example 1/3, 1/6, 1/7 and 1/9 the decimal equivalents can be expressed to any desired degree of accuracy, but are always
incomplete. 2 and 5 are nice numbers - fractions based on them (1/4 and 2/5 for example) can
be expressed exactly as decimals. All fractions can be converted into decimal fractions that
are infinitely long but also end in a repeating pattern. In the case of ¼ this is 0.250000 (with
repeating zeros and 0.333333 (with repeating 3’s) for 1/3. In the case of 1/7 the pattern is
0.142857142857 etc. There are three common notations – one is to put a dot above the first
̅̅̅̅̅̅̅̅̅̅ or use parentheses
and last repeating digit as in 0.3̇ or 0.1̇42857̇ or a line above 0.142857
0.(3) or 0.(142857). Any decimal number that does not end in a repeating pattern cannot be
converted into a vulgar fraction – all decimals that do can be converted.
numerator

Fractions are often written as numerator/denominator or
. A common or vulgar
denominator
fraction has only two integers. A proper fraction is one where the numerator is less than the
denominator ignoring any minus signs, and an improper fraction numerator is greater than the
denominator ignoring any minus signs. Improper fractions can be converted into a proper
fraction by dividing the denominator into the numerator to give three integers and is written
as an integer followed by a fraction (often called a mixed number). Note that this notation can
cause problems in algebra where two adjacent terms imply multiplication instead of addition,
1
1
𝑏
𝑏
e.g. 1 means 1 + in arithmetic but 𝑎 means 𝑎 × in algebra.
2

2

𝑐

𝑐
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All integers can be written as improper fractions, e.g. 5 can be written as , and the complete
1
set of all integers and vulgar fractions is called the set of rational numbers ℚ. Note that ℚ
does not include non-repeating decimal fractions which are called irrational. Although there
is obviously an infinite number of rational numbers it can be shown that they are countable.
5
Firstly the integers are countable by definition so all improper fractions of the form 1 are
countable. It is therefore only required that the proper fractions between 0 and 1 be countable.
The only requirement is that they can be put into sequence and is can be achieved by writing
them as
1 1 2 1 3 1 2 3 4 1 5
, , , , , , , , , , ,⋯
2 3 3 4 4 5 5 5 5 6 6

A simple fraction is one where the numerator and the denominator have no common factor,
1
2
i.e. 2 is simple while 4 is not. There is obviously a very close connection between fractions
and division, and the division sign ÷ is often replaced by fraction notation.
The reciprocal of a fraction is obtained by dividing it into 1, or inverting the numerator and
denominator. The reciprocal of all integers is a unit fraction.
There are other notations for fractions. They are often written as percentages with an implied
division by 100 such that 5% is 5/100 or 1/20, and less commonly per-mil with an implied
division by 1000 such that 5‰ is 5/1000 or 1/200. The reciprocal of an integer 𝑛 can be
3
written as 𝑛−1 and so a fraction such as can be written as 3 × 4−1 or 3 × 2−2 . This notation
4
is common in science where for example 1/200 could be written as 5 × 10−3 . This is an
extension of the notation 𝑛2 = 𝑛 × 𝑛 and 𝑛3 = 𝑛 × 𝑛 × 𝑛 and 𝑛2 × 𝑛3 = 𝑛5. Likewise
𝑛2

𝑛2

1

𝑛3
𝑛2

𝑛1 = 𝑛, 2 = 𝑛0 = 1, and 3 = 𝑛−1 = . Multiplication becomes addition of indices and
𝑛
𝑛
𝑛
division becomes subtraction of indices.

=

Multitude and Magnitude
Decimal numbers introduce an important concept, not present in fractions - are 2 and 2.0 the
same or different? Computer programmers, at least those who use languages influenced by
FORTRAN, are taught that they are different. 2 is exactly the integer two while 2.0 is a
floating point number approximately equal to two. In mathematics 2 = 2.0 = 1. 9̇.
The Greek mathematicians distinguished between multitudes for which counting numbers
were used and magnitudes. The most common example of magnitude was the length of a line,
an example still used today. A line can have any length, not just an integer length. There is a
connection between multitude and magnitude. If the line is divided into a number of units of
equal length, then by definition it is an integer number of those lengths long. An example is
the use of a thou to represent a thousandth of an inch. The gap on a spark plug was measured
in thous and gauges with a thickness of an integer number of thous were used to measure it.
Is it possible to make this unit length so short that it could apply to every line? The Greek
mathematicians were surprised to find that this was not true. It is possible and very easy to
draw two lines, the lengths of which cannot both be an integer number of the same subunits.
Just draw a square, and then a diagonal. The diagonal is incommensurable with the side. If
the side has unit length, the length of the diagonal cannot be expressed as either a fraction or
a decimal, and requires a new symbol √2, first used by Rene Descartes in 1637, and called the
(squared) root of two. It is a root because it, and similar values, are roots of the general
squared equation 𝑥 2 = 𝑛 where n is an integer. It is called a squared equation because 𝑥 2
geometrically is the area of a square of side 𝑥, and the length of its diagonal is x√2.
The value √2 is an example of an irrational number - the name indicates the difficulties that
early mathematicians had in understanding it. All numbers that can be expressed as fractions
(proper or improper) are rational. The square root of any integer is either an integer (for
square numbers only) or is irrational (for all non-square numbers) - there are no rational
square roots containing a fractional part. The same concepts apply to cube roots and higher
roots.
There is obviously an infinite number of rational numbers, but they are countable. The
irrational numbers are not even countable. They require special symbols to be specified
exactly. There are two types. The first are roots of other numbers – square roots, cube roots,
𝑛
nth root written as √𝑥 where the 𝑛 is omitted for the value 2 (square roots). An alternative
1

notation is 𝑥 𝑛 – this is an extension of 𝑥1 × 𝑥1 = 𝑥 2 since using addition
1

1

3

3

𝑛2 × 𝑛2 = 𝑛1, and this can also be written as 𝑛0.5 × 𝑛0.5 = 𝑛1. From this 𝑥 2 × 𝑥 2 = 𝑥 3 so
3

𝑚

𝑛

𝑥 2 = √𝑥 3 and so 𝑥 𝑛 = √𝑥 𝑚 . The roots are countable because the rational numbers are
countable, but are infinite
𝑚

The second main type are the transcendental numbers. Using the notation 𝑥 𝑛 , if

𝑚
𝑛

is replaced

by an irrational number such as √2 the result is a transcendental number. These numbers
cannot be written as a fraction or exact decimal and are called surds. Two other
transcendental numbers (not surds) are 𝜋 defined as the ratio of the circumference to the
diameter of a circle and e defined as the base of natural logarithms. Additionally the results of
many simple functions such as sin, cos, tan, log etc. except for a few special cases are
transcendental. The transcendental numbers are uncountable.

Real Numbers
The set of real numbers ℝ consists of all the above – natural, integer, real and irrational and
the basic operations of addition (including subtraction, its inverse) and multiplication
(including division, its inverse) all result in another real number with the single exception of
division by zero. Additionally there are two elements, one for addition called 0 such that
𝑥 + 0 = 𝑥 for all 𝑥, and one for multiplication called 1 such that 𝑥 × 1 = 𝑥. The two
inverses are 𝑥 + (−𝑥) = 0 and 𝑥 × 𝑥 −1 = 1 with the exception of 𝑥 = 0 for multiplication.
Addition and multiplication are associative 𝑥 + (𝑦 + 𝑧) = (𝑥 + 𝑦) + 𝑧 and
𝑥 × (𝑦 × 𝑧) = (𝑥 × 𝑦) × 𝑧 and commutative 𝑥 + 𝑦 = 𝑦 + 𝑥 and 𝑥 × 𝑦 = 𝑦 × 𝑥.
Multiplication is distributive over addition 𝑥 × (𝑦 + 𝑧) = (𝑥 × 𝑦) + (𝑥 × 𝑧).
Any set of mathematical objects with these properties is called a field.
The real field has an additional property which allows values to be compared, not just for
equality, but also for “size”. This requires that the objects can be placed in a line such that
each object has a unique and undisputed distance from an origin. In the case of the real set
this is called the real line. This allows a greater than or equal comparison to be made such
as 𝑥 ≥ 𝑦 which results in a true or false value, and from this all the other comparisons such as
greater than, less than and less than or equals (=, >, <, ≤) follow. Any field which includes
this is an ordered field. The rational numbers are also an ordered field.
In the case of integers the fact that division does not always result in an integer means that the
set of integers is an Abelian additive group and a commutative monoid under multiplication.

Algebraic Numbers
Every algebraic number is the root of at least one algebraic polynomial whose coefficients are
rational numbers, i.e. the solution of an equation of the form
𝑎𝑛 𝑥 𝑛 + 𝑎𝑛−1 𝑥 𝑛−1 + ⋯ 𝑎3 𝑥 3 + 𝑎2 𝑥 2 + 𝑎1 𝑥1 + 𝑎0 𝑥 0 = 0 where 𝑎𝑖 is called the coefficient
of 𝑥 𝑖 , and 𝑛 is the degree of the polynomial. Since 𝑎𝑖 are all rational numbers, it is possible to
convert an equation with one or more fractional coefficients into one with only integer
coefficients. Note that rational numbers can be negative so the plus sign can be replaced by a
minus sign.
A trivial example is 𝑎1 𝑥 − 𝑎0 = 0 (note that 𝑥1 = 𝑥 and 𝑥 0 = 1) giving 𝑥 =

𝑎0
𝑎1

so all

rational numbers are algebraic numbers. This is often written as 𝑎𝑥 + 𝑏 = 0.
All real numbers are either algebraic or transcendental. The set of algebraic numbers forms a
ring (it is countable and has all the properties of rational numbers).
𝑐

Another example is 𝑎2 𝑥 2 + 𝑎1 𝑥1 − 𝑎0 𝑥 0 = 0 or 𝑎𝑥 2 + 𝑏𝑥 − 𝑐 = 0. If 𝑏 = 0 then 𝑥 = √𝑎 so
all square roots of rational numbers are also algebraic, and more generally from
𝑛

𝑎

𝑎𝑛 𝑥 𝑛 − 𝑎0 = 0 it follows that 𝑥 = √ 0 , i.e. all integer roots (i.e. 𝑛 is an integer) of rational
𝑎
𝑛

numbers are algebraic although they may be irrational (𝑥 = √2 is a root of 𝑥 2 − 2 = 0).
If 𝑎𝑛 = 1 (the coefficient of the highest power is 1) it is called a monic polynomial i.e.
𝑥 𝑛 + 𝑎𝑛−1 𝑥 𝑛−3 + ⋯ 𝑎3 𝑥 3 + 𝑎2 𝑥 2 + 𝑎1 𝑥 + 𝑎0 = 0 and if all the coefficients 𝑎𝑖 are integers
the roots are called algebraic integers (algebraic from the equation and integer because they
have all the properties of integers – the set of algebraic integers is a ring).
Algebraic numbers do not necessarily have a simple notation. All algebraic rational
polynomial equations with degree 𝑛 have 𝑛 roots. All may be rational, but an even number of
roots may be complex.

Complex Numbers
Complex numbers consist of a real and imaginary part separated by a plus sign and usually
written as 𝑎 + 𝑏i or 𝑎 + 𝑐√−𝑑 where = 𝑐√𝑑, 𝑎, 𝑏, and 𝑐 are real numbers, 𝑑 is a real positive
number, and i2 = −1 (note that i is a constant or definite value so is not in italics). The value
𝑏i or 𝑐√−𝑑 is called an imaginary number.
Complex numbers rise naturally from polynomial equations, the simplest being 𝑥 2 + 1 = 0
which has the two roots 𝑥 = ±√−1 or ±i.
The set of algebraic numbers includes all the complex numbers (which includes all the
imaginary numbers).
There is much more to complex numbers but they are introduced here to allow quadratic
integers to be defined.

Quadratic Integers
Quadratic integers are roots of the polynomial equation 𝑥 2 + 𝑎1 𝑥 + 𝑎0 = 0 where the two
coefficients are integers and so are part of the field of algebraic integers.
(𝑎 + 𝑏i)2 − 2𝑎(𝑎 + 𝑏i) + 𝑎2 + 𝑏2 = 𝑎2 + 2𝑎𝑏i − b2 − 2𝑎2 − 2𝑎𝑏i + 𝑎2 + 𝑏2 = 0 so
replacing (𝑎 + 𝑏i) with 𝑥 gives 𝑥 2 − 2𝑎𝑥 + 𝑎2 + 𝑏2 = 0 which means that a root of
𝑥 2 + 𝑎1 𝑥 + 𝑎0 = 0 has the form 𝑎 + 𝑏i where 𝑎 and 𝑏 are rational and may be zero. Thus
the quadratic integers are either integers, rational numbers, imaginary numbers or complex
numbers.
The quadratic polynomial equation is often written as 𝑎𝑥 2 + 𝑏𝑥 + 𝑐 = 0 and the monic
variety is written as 𝑥 2 + 𝑏𝑥 + 𝑐 = 0 for compatibility.
There is a well-known formula for solving quadratic equations 𝑥 =
𝑎 = 1 gives 𝑥 =

−𝑏±√𝑏2 −4𝑐
2

−𝑏±√𝑏2 −4𝑎𝑐
2𝑎

so setting

and this is the general form of quadratic integers. The golden

mean is a well-known quadratic integer with the value
There is a second root with the value

1−√5
2

1+√5
2

and is a root of 𝑥 2 − 𝑥 − 1 = 0.

. These are the first pair in a series of numbers

called the silver means and are given by the formula

n±√n2+4
2

where n is a natural number

excluding zero (some people restrict the term silver mean to just the second in series
1 + √2, others use it for

√5−1
).
2

The types of root depend upon the value of the discriminant 𝑑 = 𝑏2 − 4𝑐 since this occurs
within a square root (𝑏 and 𝑐 are integers).
If the value is zero (𝑏2 − 4𝑐) = 0 there are two equal roots, either an integer if 𝑏 is even or a
half integer if 𝑏 is odd (a half integer has a value of

2𝑛−1
2

where 𝑛 is an integer).

If the result is positive the roots are rational numbers of the form

𝑚±√𝑛
2

where 𝑚 and 𝑛 are

integers.
If the result is negative the roots are two imaginary numbers of the form

𝑚±i√𝑛
2

. Since this can

be written as 𝑎 ± i𝑏 where 𝑎 and 𝑏 are both rational numbers it is known as Gaussian integer
provided it is a root of 𝑥 2 + 𝑎1 𝑥 + 𝑎0 = 0 with integer coefficients. If 𝑎 and 𝑏 are both
integers it must be a solution of 𝑥 2 + 𝑎1 𝑥 + 𝑎0 = 0 with integer coefficients.

Commented [EC1]:

Vectors
Real numbers are a measure of magnitude and so can be represented as a line of a length
proportional to the value. All the real numbers can be plotted on a straight line with their
distance from an original labelled 0 proportional to their value. This is called the real line.
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However lines can also be drawn in a plane to form geometric shapes if required. Such lines
can also be drawn as arrows which means they have a magnitude and a direction. A number
with magnitude and direction is called a vector – a number that only has a magnitude is called
a scalar. The position of a vector is not important so it can be located anywhere on the
diagram.
There are several notations for vectors. One is to label the two end points with letters (often
capitals) and add an arrow on top whose direction is from the start to the end such as ⃗⃗⃗⃗⃗
AB or
write the magnitude as a bold character such as v.
y
B
v
𝑦
j

𝑥
A
i

x

It is often convenient to have two axes, usually called x and y, to provide an orientation, and
a common convention is to have two unit or basis vectors (i.e. magnitude 1) parallel to the x
and y axes called i and j. The orientation of a vector v can then be indicated by the
magnitudes 𝑥 and y of two vectors one parallel and one perpendicular to the x axis. The three
magnitudes are related by 𝑣 = √𝑥 2 + 𝑦 2 from Pythagoras’s theorem. The magnitude of a
vector is written as 𝑣 = |𝐯|.
A vector can be multiplied by a scaler which results in a changed magnitude, but unchanged
direction. The horizontal component of v is written as 𝑥i and the vertical component as 𝑦j.

Vectors can be added (and subtracted) by connecting the end of one to the start of the other so
𝐯 = 𝑥𝐢 + 𝑦𝐣.
Subtraction involves reversing the direction of the arrow of the vector being subtracted before
addition takes place.
Multiplication by a scalar 𝑎 gives 𝑎𝐯 = 𝑎𝑥𝐢 + 𝑎𝑦𝐣 so a vector is reversed by multiplying it by
1

1

1

-1. Likewise a vector can be divided by a scalar 𝑎 𝐯 = 𝑎 𝑥𝐢 + 𝑎 𝑦𝐣.
Vector addition and (subtraction) following the same rules as real numbers and vectors are
therefore a group under addition. If 𝐚 = 𝑎𝑥 𝐢 + 𝑎𝑦 𝐣 and 𝐛 = 𝑏𝑥 𝐢 + 𝑏𝑦 𝐣 then
𝐚 + 𝐛 = (𝑎𝑥 + 𝑏𝑥 )𝐢 + (𝑎𝑦 +𝑏𝑦 )𝐣. There is a zero vector defined by 𝐚 − 𝐚 = 𝟎 which has
zero magnitude and no direction, but is a vector.
Multiplication is more complicated. In two dimensions there is only one type of
multiplication known as the dot, inner or scalar product which results in a scalar, not a vector
so vectors do not form a group under multiplication. It is however commutative.
If 𝐚 = 𝑎𝑥 𝐢 + 𝑎𝑦 𝐣 and 𝐛 = 𝑏𝑥 𝐢 + 𝑏𝑦 𝐣 then 𝐚 ∙ 𝐛 = 𝑎𝑥 𝑏𝑥 + 𝑎𝑦 𝑏𝑦 and 𝐛 ∙ 𝐚 = 𝑏𝑥 𝑎𝑥 + 𝑏𝑦 𝑎𝑦
which are equal. In particular 𝐢 ∙ 𝐢 = 𝐣 ∙ 𝐣 = 1 and 𝐢 ∙ 𝐣 = 𝐣 ∙ 𝐢 = 0 (the dot product is often used
to determine whether vectors are parallel or perpendicular).
There is no operation corresponding to vector division.
The above concepts can be extended to three (and even more dimensions). By convention
unit vector k is parallel to the z axis, and perpendicular to 𝐢 and 𝐣 so in three dimensions
𝑎 = 𝑎𝑥 𝐢 + 𝑎𝑦 𝐣 + 𝑎𝑧 𝐤 and the dot product becomes 𝐚 ∙ 𝐛 = 𝑎𝑥 𝑏𝑥 + 𝑎𝑦 𝑏𝑦 + 𝑎𝑧 𝑏𝑧 .
However in the dimensions there is a second type of multiplication called the cross, outer or
vector product 𝐚 × 𝐛 = (𝑎𝑦 𝑏𝑧 − 𝑎𝑧 𝑏𝑦 )𝐢 + (𝑎𝑧 𝑏𝑥 − 𝑎𝑥 𝑏𝑧 )𝐣 + (𝑎𝑥 𝑏𝑦 − 𝑎𝑦 𝑏𝑥 )𝐤 and
𝐢 × 𝐢 = 𝐣 × 𝐣 = 𝐤 × 𝐤 = 𝟎, 𝐢 × 𝐣 = 𝐤, 𝐣 × 𝐢 = −𝐤, 𝐣 × 𝐤 = 𝐢, 𝐤 × 𝐣 = −𝐢, 𝐤 × 𝐢 = 𝐣, 𝐢 × 𝐤 = −𝐣
so 𝐚 × 𝐛 = −(𝐛 × 𝐚) – the order is important and so it is noncommutative (if fact anticommutative since the results just differ in the sign). Note that even if 𝑎𝑧 = 𝑏𝑧 = 0 there is
still a term (𝑎𝑥 𝑏𝑦 − 𝑎𝑦 𝑏𝑥 )𝐤 so if the two vectors are drawn on a sheet of paper, the resultant croos
product is perpendicular to the paper, and so three dimensions are required.

There are also three triple products.
Firstly (𝐚 ∙ 𝐛)𝐜 = (𝑎𝑥 𝑏𝑥 + 𝑎𝑦 𝑏𝑦 + 𝑎𝑧 𝑏𝑧 )𝐜 while 𝐚(𝐛 ∙ 𝐜) = (𝑏𝑥 𝑐𝑥 + 𝑏𝑦 𝑐𝑦 + 𝑏𝑧 𝑐𝑧 )𝐚 noting
that the dot product must be calculated first for it to be a valid expression.
Secondly there are 𝐚 ∙ (𝐛 × 𝐜) = 𝒃 ∙ (𝐜 × 𝐚) = 𝒄 ∙ (𝐚 × 𝐛) which result in a vector calculated
by a very long expression.
Thirdly 𝐚 × (𝐛 × 𝐜) = 𝐛(𝐛 ∙ 𝐜) − 𝐜(𝐚 ∙ 𝐛) and (𝐚 × 𝐛) × 𝐜 = 𝐛(𝐛 ∙ 𝐜) − 𝐚(𝐛 ∙ 𝐜) again
vectors with long expressions, the key point being that the order is important with the cross
product so it is not commutative.
Other triple combination of the dot and cross products are invalid operations.
Multiplication of vectors is therefore very different to the multiplication of real numbers.

Position Vectors
Position vectors are a simplified form of general vectors. One end is located on the origin and
the other end locates a point on a plane in two dimensions or in space in three dimensions.
Displacement vectors are similar, but both ends are located in space, unlike general vectors
which have no location. A displacement vector can be added to a position vector using
normal vector addition provided its start has the same location as the position vector, and the
result is a new position vector.
A position vector can be multiplied by a scalar to increase or decrease its length while
maintaining its direction.
The notation may use either the axis symbol or unit (basis) vectors so
2𝑥 + 3𝑦 + 4𝑧 and 2𝐢 + 3𝐣 + 4𝐤 represent the same position vector. However the notation is
often simplified to two or three values such (2,3,4). A displacement vector would have the
form (2,3,4) − (4,1,2), but is often written as a differential displacement vector such as
(2∆𝑥 − 2∆𝑦 − 2∆𝑧) or just (2,-2,-2) with the assumption that its start is located at the same
point as the position vector. A general position vector is often written as (x,y) where x and y
can be any real numbers.

Complex Numbers
Position vectors have an important relationship with complex numbers. Working in two
dimensions the x axis is replaced by the real line and the y axis is replaced by the imaginary
line so the position vector 2x + 3y can also be written as 2 + 3i. It is important to distinguish
between 𝑖 which is a variable, i which is the square root of -1, and 𝐢 which is a unit vector.
The addition/subtraction of two complex numbers is the same as the addition of a position
and a displacement vector (2𝑥 + 3𝑦) + ((2𝑥, 3𝑦), (4𝑥, 4𝑦)) = (4𝑥 + 4𝑦) which may be
written as (2𝑥 + 3𝑦) + (2∆𝑥 + 1∆𝑦) = (4𝑥 + 4𝑦) which is equivalent to
(2 + 3i) + (2 + i) = (4 + 4i).
Multiplication is associative, commutative, distributive over addition and has closure, but has
no relationship with either the dot or cross product of vectors.
(𝑎 + 𝑏i) × (𝑐 + 𝑑i) = 𝑎 × 𝑐 + 𝑏 × 𝑐 + 𝑎 × 𝑑i + 𝑏i × 𝑐 + 𝑏i × 𝑑i.
= 𝑎 × 𝑐 − 𝑏 × 𝑑 + (𝑎 × 𝑑 + 𝑏 × 𝑐)i
The conjugate of the complex number is 𝑎 + 𝑏i is 𝑎 − 𝑏i – the sign of the imaginary part is
reversed. It is sometimes written as ̅̅̅̅̅̅̅
𝑎 + 𝑏i or (𝑎 + 𝑏i)∗ . Multiplying a number by its
conjugate gives (𝑎 + 𝑏i) × (𝑎 − 𝑏i) = 𝑎2 − 𝑎𝑏i + 𝑎𝑏i − b2 i2 = 𝑎2 + b2 . This gives a
simple method of dividing

𝑐+𝑑i
𝑎+𝑏i

=

𝑐+𝑑i
𝑎+𝑏i

×

𝑎−𝑏i
𝑎−𝑏i

=

(𝑎𝑐+𝑏𝑑)+(𝑎𝑑−𝑏𝑐)i
𝑎2+b2

=

(𝑎𝑐+𝑏𝑑)
𝑎2+b2

+

(𝑎𝑑−𝑏𝑐)
𝑎2+b2

i.

There is another way of writing complex numbers – as a complex exponent of e where e is
Napier’s constant which has the approximate value 2.71828 and several different definitions,
none of them simple. It is however a very important value related to 0, 1, 𝜋 and i by Euler’s
identity ei𝜋 + 1 = 0. In particular multiplying a position vector expressed as an imaginary
number by ei𝜃 rotates that vector anticlockwise around the origin by the angle 𝜃 radians
𝜋
where a radian is the length of the circumference of the arc of a unit circle such that 90° is
2

radians. The exponential form of the complex number 𝑎 + 𝑏i is 𝑟ei𝜃 where 𝑟 = √𝑎2 + 𝑏2
and is the modulus, norm or absolute value, and 𝜃 is in radians. It is more difficult to add two
complex numbers that are in exponential form but much easier to multiply them since
𝑟1 ei𝜃1 × 𝑟2 ei𝜃2 = (𝑟1 × 𝑟2 )ei(𝜃1+𝜃2) .

Quaternions and Octonions
The concept of complex numbers cannot be extended to three dimensions, but it can be
extended to four and eight dimensions.
Quaternions are four dimensional and are written as 𝑎 + 𝑏i + 𝑐j + 𝑑k noting that the i, j and k
are not vectors, but i2 = j2 = k2 = i × j × k = −1, but i ≠ j ≠ k. It can alternatively be
written as a four dimensional vector. Quaternions are used to rotate three dimensional vectors
by setting 𝑎 = 0. Multiplication of two quaternions is noncommutative, that is
𝑎 × 𝑏 ≠ 𝑏 × 𝑎. The set of quaternions has the symbol ℍ.
Octonions are eight dimensional but with very similar properties. They are noncommutative
and alterative associative which means that while 𝑎 × (𝑏 × 𝑐) ≠ (𝑎 × 𝑏) × 𝑐
𝑎 × (𝑎 × 𝑏) = (𝑎 × 𝑎) × 𝑏 and (𝑏 × 𝑎) × 𝑎 = 𝑏 × (𝑎 × 𝑎). The set of octonions has the
symbol 𝕆.
There is also a set of sixteen dimensional numbers called sedenions whose set is 𝕊. They
are not commutative or associative but multiplication is distributive over addition. An
unusual property is that there are zero divisors which means there are values with the
property that 𝑎 × 𝑏 = 0 where 𝑎, 𝑏 ≠ 0.

Matrices
Matrices are structures – a rectangular array of numbers, usually real numbers. The
following only considers 2 by 2 matrices.
Matrix addition/subtraction requires the two matrices to have exactly the same size,
and each item in the first matrix is added/subtracted to the same item in the second so
[

𝑒
𝑏
]+[
𝑔
𝑑

𝑎
𝑐

𝑓
𝑎+𝑒
]=[
ℎ
𝑐+𝑔

𝑏+𝑓
0 0
] and so there is a zero matrix [
]
𝑑+ℎ
0 0

There is no valid operation if the sizes are not the same. Addition is associative and
commutative has closure over that sized group.
A matrix can be multiplied/divided by a scalar – each item is multiplied or divided.
𝑠[

𝑎
𝑐

𝑏
𝑠×𝑎
]=[
𝑑
𝑠×𝑐

𝑠×𝑏
]
𝑠×𝑑

Two matrices can only be multiplied if the number of columns in the first is the same as the
number of rows in the second. The first row of the first matrix multiplies the first column of
the second matrix, then the second column second matrix filling the top row as in
[

𝑎
𝑐

𝑒
𝑏
]×[
𝑔
𝑑

𝑓
𝑎×𝑒+𝑏×𝑔
]=[
ℎ
𝑐×𝑒+𝑑×𝑔

𝑎×𝑓+𝑏×ℎ
]
𝑐×𝑓+𝑑×ℎ

Multiplication is associative but not commutative and there is not closure unless the matrices
𝑒 𝑓
𝑎 𝑏
0 0
]×[
]=[
]
are square. There are also zero divisors such that [
𝑔 ℎ
0 0
𝑐 𝑑
if 𝑎 × 𝑒 = −(𝑏 × 𝑔) etc.
The unit matrix is a square matrix with 1 on the leading diagonal (top left to bottom right)
since
[

𝑎
𝑐

𝑏
1 0
𝑎
]×[
]=[
0 1
𝑑
𝑐

𝑏
]
𝑑

There is no matrix division.
There are a number of other operations.
The transpose of a matrix swaps the rows and columns and in the case of a square matrix
leaves the leading unchanged
[

𝑎
𝑐

𝑎
𝑏 T
] =[
𝑏
𝑑

𝑐
]
𝑑

The trace of a square matrix is the sum of its leading diagonal
𝑎
trace[
𝑐

𝑏
] = 𝑎 + 𝑑 and so is equal to the trace of its transpose.
𝑑

𝑎 𝑏
] is 𝑎𝑑 − 𝑏𝑐 and the matrix is said to be singular if the result is 0. A
𝑐 𝑑
𝑎 𝑏
] it is
square matrix has a multiplicative inverse provided it is not singular, and for [
𝑐 𝑑
1
𝑑 −𝑏
𝑑 −𝑏
𝑎 𝑏
[
], [
] being the adjugate of [
].
𝑎𝑑−𝑏𝑐 −𝑐
𝑎
−𝑐 𝑎
𝑐 𝑑
The determinant of [

Matrices are often represented by a single capital letter such as M so the inverse of M is
1
written as M −1 = det(M) adj(M) and M × M −1 = I where I is the identity or unit matrix.
A square matrix is orthogonal if its transpose equals its inverse, i.e. if M T = M −1 .
There is a relationship between vectors and matrices. A vector can be written as either a
𝑎
column matrix such as [ ] for the two dimensional vector 𝑎𝑥 + 𝑏𝑦 or a row matrix such as
𝑏
[𝑎 𝑏 𝑐] for the three dimensional vector 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧. Matrix addition/subtraction gives the
same result as matrix addition or subtraction. Multiplying a matrix by a scalar also gives the
same result as multiplying a vector by a scalar.
𝑎 𝑏
] is considered to be two position vectors (𝑎, 𝑏) and (𝑐, 𝑑), and two
𝑐 𝑑
additional points (0,0) and the sum of the two position vectors (𝑎 + 𝑐, 𝑏 + 𝑑) are added to
𝑎 𝑏
] is its signed area. The signed are is positive if the position
form a parallelogram det [
𝑐 𝑑
vector (𝑎, 𝑏) is anticlockwise of (𝑐, 𝑑), and negative if clockwise. Similarly for a three by
three matrix the determinant is the volume.
If the matrix [

Multiplying a row matrix and a column matrix (in that order) gives the same result as a vector
dot product, a matrix consisting of a single element being the same as a scalar.
𝑐
[𝑎 𝑏] [ ] = [𝑎𝑐 + 𝑏𝑑] and (𝑎𝑥 + 𝑏𝑦) ∙ (𝑐𝑥 + 𝑑𝑦) = 𝑎𝑐 + 𝑏𝑑.
𝑑
Multiplying a row or column matrix by a suitable square matrix results in a vector rotation.
𝑎
𝑐 −𝑑 𝑎
] [ ]results in an
For a two dimension column vector[ ] the matrix product [
𝑏
𝑏
𝑑 𝑐
2
2
anticlockwise rotation providing 𝑐 + 𝑑 = 1. This is identical to the effect of keeping the
position vector stationary and rotating the coordinates clockwise.
1
𝑐 −𝑑
𝑐 𝑑
𝑐 𝑑
] is [
] and the inverse is 2 2 [
] and these are equal
𝑐 +𝑑 −𝑑
𝑑 𝑐
−𝑑 𝑐
𝑐
2
2
T
−1
if 𝑐 + 𝑑 = 1, i.e, in this particular case M = M and M is called an orthonormal matrix.
This also applies to three dimensional vectors. If each column (or each row) is considered as
a column or row vector then each column (row) vector is perpendicular (orthogonal) to the
other column (row) vectors, and also has a unit length (the word normal refers to one unit).

The transpose of [

The above description is limited to 2 by 2 matrices for compactness, but is easily extended to
larger matrices with the exception of the inverse.
The formula for the inverse is M −1 =

1
det(M)

adj(M) but the terms determinant and adjugate

require explanation.
Firstly the determinant of any square array of numbers (whether or not they are a matrix) is a
single number which is calculated using first minor cofactors so these must be defined first.
However although cofactors are used to calculate the determinant, determinants are used to
calculate cofactors.
In the following each element in the array is identified by first the row, then the column
number in the form 𝑚𝑟𝑐 where 𝑟 and 𝑐 are in the range of 1 to 𝑛 for an 𝑛 × 𝑛 array.
Each element 𝑚𝑟𝑐 has first minor array defined as the (𝑛 − 1) × (𝑛 − 1) array which is
obtain by deleting row 𝑟 and column 𝑐 from the original matrix. The determinant of this new
array is called the first minor of the element or minor(𝑚𝑟𝑐 ) which being a determinant is a
single number. The first minor is multiplied by (−1)(𝑟+𝑐) to form the first minor cofactor or
cof(𝑚𝑟𝑐 ). (Note that if (𝑟 + 𝑐) is even the result is 1 and if odd -1.)The first minor cofactor
array of M is an array where each element has been replaced by its first minor cofactor and is
cof(M).
The determinant of a 1 by 1 array which can only contain a single element is that element so
det[M] where [𝑚] is just 𝑚.
The determinant of a larger array is calculated by choosing any column or row (in practise the
one containing most zeros simplifies the arithmetic) and adding the product of the element
and its cofactor for all the elements in that column or row.
𝑎 𝑏
] , and choosing the first row gives
𝑐 𝑑
𝑎 × cof(𝑎) + 𝑏 × cof(𝑐). The minors of a and b must be calculated, their cofactors found,
the products obtained and then summed.
Taking as an example the square matrix [

minor(𝑎) = det[𝑑] = 𝑑, and minor(𝑏) = det[𝑐] = 𝑐 and so
cof(𝑎) = (−1)(1+1) 𝑑 = 𝑑 = (−1)(1+1)𝑑 = 𝑑 and cof(𝑏) = (−1)(1+2)𝑑 = −𝑑 to give
𝑎 𝑏
] = 𝑎 × 𝑑 − 𝑏 × 𝑐. The same result is obtained whichever row or column is
det [
𝑐 𝑑
chosen.
Applying this to a 3 × 3 and choosing the first row results in three 2 × 2 matrices whose
determinants must be calculated.
𝑎 𝑏 𝑐
det [𝑑 𝑒 𝑓 ] = 𝑎(𝑒𝑖 − 𝑓ℎ) − 𝑏(𝑑𝑖 − 𝑑𝑔) + 𝑐(𝑑ℎ − 𝑒𝑔) the result being independent of
𝑔 ℎ 𝑖
the row or column chosen.

Calculating the determinant is only half the problem – the adjugate must also be calculated,
but only if the determinant is non-zero.
To calculate the adjugate the cofactor array must be created, i.e. the cofactor of each element
in the original matrix is replaced by its cofactor so
cof(𝑎) cof(𝑏)
(−1)(1+1) minor(𝑎) (−1)(1+2)minor(𝑏)
𝑎 𝑏
]=[
]=[
cof [
]=
cof(𝑐) cof(𝑑)
𝑐 𝑑
(−1)(2+1)minor(𝑐) (−1)(2+2) minor(𝑑)
𝑎 −𝑐
[
]
−𝑏 𝑑
The adjugate matrix is the transpose of the cofactor matrix or 𝐚𝐝𝐣(𝐌) = 𝐜𝐨𝐟 𝑻 (𝐌) to give
𝑎
adj [
𝑐

𝑏
𝑎
]=[
𝑑
−𝑐

−𝑏
𝑎
] and so finally [
𝑑
𝑐

1
𝑏 −1
𝑎
] =
[
𝑎𝑑−𝑏𝑐 −𝑐
𝑑

−𝑏
].
𝑑

Although this can be applied to larger square matrices it is extremely error prone, and best
left to a computer programme.
Although the calculation of the determinant seems arbitrarily complicated, it is there because
it is useful. It can be applied to any square array and provides easily remembered ways of
calculating the vector cross-product and scalar triple product for example.
𝐢
𝐣
𝐤
𝐛 × 𝐜 = |𝑏𝑥 𝑏𝑦 𝑏𝑧 |
𝑐𝑥 𝑐𝑦 𝑐𝑧
take the determinant.

𝑎𝑥
𝒂 ∙ (𝐛 × 𝐜) = |𝑏𝑥
𝑐𝑥

𝑎𝑦
𝑏𝑦
𝑐𝑦

𝑎𝑧
𝑏𝑧 | noting that the vertical lines imply
𝑐𝑧

1

So M −1 = |M| adj(M) is an alternative notation.
Matrices have two dimensions, but the concept can be extended into multiple dimensions,
such objects being called tensors. Thus a matrix is a two dimensional tensor, a vector a one
dimensional tensor and a scalar a zero dimensional tensor.

Algebra
An algebra is a set of rules and conventions for the manipulation of mathematical symbols
representing types of object and operations on and between those objects. Each type of object
has its own algebra although many different types of object have very similar if not identical
algebras.
The algebra taught in schools is called elementary algebra and it covers the operations on real
numbers, usually with the objective of solving algebraic equations.
Abstract algebra extends the basic concepts of elementary algebra to objects other than real
numbers.
The two basic components of an algebra are sets and binary operations.

Sets
A set is a collection of items which have something in common (which includes being a
member of the set). An algebra is defined for each set of objects that can be manipulated by
binary operations. Natural numbers, integer numbers and real numbers all form sets and are
used so frequently that special symbols have been assigned to them ℕ, ℤ, ℝ, and similar
characters represent other sets. The set of reals includes the set of integers which includes the
set of natural numbers, and all three are of infinite size. Each item in the set is called an
element of the set, and the number of elements, each of which can only occur one is the order
of the set.
There are three symbols commonly used with sets.
∈ is the symbol for membership - 𝑛 ∈ ℕ means that 𝑛 is a member of the set of
natural numbers.
∀ is the symbol for all referring to all members of a set - ∀𝑛 ∈ ℕ, 𝑛2 > 𝑛 means that
for all natural numbers the square is greater than the number.
∃ is the symbol for existence stating that there is a least one value (possibly more or
even all) - ∃𝑛 ∈ ℕ, 𝑛2 = 2𝑛 means there is at least one natural number whose square
is it doubled. ∃! means exactly one value so ∃! 𝑛 ∈ ℕ, 𝑛2 = 2𝑛 is also valid
The negative of these symbols is obtained by drawing a diagonal line through them
such as ∄which means there does not exist.
Generally the set must be defined if other sets are used. One method is to list the members as
in {1,2,3,4} which is suitable for small sets. The symbols ℤ/𝑛ℤ or ℤ𝑛 are used for sets of
modular numbers. These start at zero but ℤ∗/𝑛ℤ or ℤ∗ 𝑛 exclude zero.

Operators
A group is a set and a binary operator on that set. The two binary operators are ⨁ and ⨂
which represent the equivalents of addition and multiplication of real numbers (many
different symbols are used for a general group – these are replaced by the proper symbol for
the group in question). The symbols G, ⨁ or G, ⨂ are used for a general group, and ∙ is used
for a general operation. For example ℤ/5ℤ, +5 is the modulo 5 set under addition which is a
group.

Groups
A set and an operator can only be a group if some very specific rules apply.
The first is closure – the result of the operation between any two members of the group must
result in a member of the group with no exceptions.
𝑎, 𝑏 ∈ 𝐺,∙ 𝑎 ∙ 𝑏 = c ⟹ 𝑐 ∈ 𝐺
Thus ℕ, + is a group because the sum of any two natural numbers is a natural number, but the
dot product of two vectors is a scalar so there is no group of vectors under the dot product.
The second required property is associativity which means that 𝑎 ∙ 𝑏 ∙ c gives the same result
when evaluated from left to right or right to left (but not necessarily the same result if starting
in the middle!), i.e. 𝑎, 𝑏 ∈ 𝐺,∙ (𝑎 ∙ 𝑏) ∙ c = 𝑎 ∙ (𝑏 ∙ c)
Thirdly there is an identity element in the set conventionally given the symbol 𝑒 such that
𝑎, 𝑒 ∈ 𝐺,∙ 𝑎 ∙ e = 𝑒 ∙ 𝑎 = 𝑎
Under real addition this is 0 and under real multiplication this is 1.
Lastly each element 𝑎 has an inverse element 𝑎−1 such that 𝑎, 𝑒 ∈ 𝐺,∙ 𝑎 ∙ 𝑎−1 = 𝑎−1 ∙ 𝑎 = 𝑒.
1

For real addition 𝑎−1 is −𝑎 and for real multiplication this is 𝑎.
1

Note that integers under multiplication cannot be a group because is not an integer.
𝑎

However non-singular square matrices can form a group under multiplication even though
there is no division.
It should also be noted that commutativity (𝑎, 𝑏 ∈ 𝐺,∙ 𝑎 ∙ b = 𝑏 ∙ 𝑎) is not a requirement, but
it is important so groups with commutativity are called abelian groups. In particular
𝑛 ∈ ℕ, 𝑎 ∈ 𝐺, ⨁ ⨂

𝑛⨂a = a⨁a⨁a⨁a⨁ ⋯ 𝑛 times and −𝑛⨂a = −(𝑛⨂a)

A group that has two operations ⨁ ⨂ is called a ring. A ring is an abelian group under the
first operation ⨁. It is a monoid under the second operation ⨂ which means
there is closure 𝑎, 𝑏 ∈ 𝐺, ⨂ 𝑎⨂𝑏 = c ⟹ 𝑐 ∈ 𝐺 ,
it is associative 𝑎, 𝑏 ∈ 𝐺, ⨂ (𝑎⨂𝑏)⨂c = 𝑎⨂(𝑏⨂c)
but there is no requirement for an inverse such that
𝑎, 𝑒 ∈ 𝐺, ⨂ 𝑎⨂𝑎−1 = 𝑎−1 ⨂𝑎 = 𝑒
The second operation is distributive over the first operation
𝑎, 𝑏, 𝑐 ∈ 𝐺, ⨁ ⨂
𝑎⨂(𝑏⨁c) = (𝑎⨂b)⨁(𝑎⨂c).
There is no requirement that the second operation is commutative, but if it is it is called a
commutative ring.
Both integer and real numbers are rings, but natural numbers are not. Square matrices of real
numbers and modulo integers are also rings. If there is a multiplicative inverse it is called a
field (it is taken that there is no multiplicative inverse of zero i.e. division by zero is an
invalid operation). Real and complex numbers are fields as are the modulo integers provided
that the modulo number is prime.

